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A memory r e -a l loca t ion  problcn posed by (Kniith) and (Even, 

Lempel, and Pnue l i )  is solved using l a t t i c e - t h e o r e t i c  techniqries.  

The problem involves  f ind ing  the minimum cost r e l o c a t i o n  of s t a c k s  

i n  memory which w i l l  s a t i s f y  new memory rcqit ircments.  

of stacks c u r r e n t l y  r e s i d i n g  i n  memory and the o r d e r  i n  which they  

are  s t o r e d  are assumed t o  be f ixed.  The s o l u t i o n  r e q u i r e s  "time" 

which is between l l n c a r  and q1iadtatf.c i n  t h e  number of s t a c k s .  

In  lIvell-behaved'l m i l t i - s t a c k  (or multi-program) environments,  

t h e  " t i m e 1 '  t o  f i n d  a so l r r t ion  will be  n e a r l y  l i n e a r  i n  t h e  number 

of stacks. 

The nunber 

The na in  r e s u l t  i s  qenera i ized  t o  show how l a t t i c e s  may be 

e x t r a c t e d  from permutation-praphs. 

c 
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* 0.0 Re-al locat ing Nemory 

If t h e  number and space requirements of va r ious  l i s ts ,  t a b l e s ,  

pages,  programs, etc. s t o r e d  i n  a computer 's  addres sab le  memory vary  

w i t h  t i m e  and cont izuous memory 1ocati.ons are used t o  s t o r e  t h e  con ten t s  

of each  l i s t ,  t a b l e ,  page, program o r  whatever;  so t h a t  t h e  l ists ,  

_l__l_ -ll--lll__---- 

t a b l e s ,  pages,  and programs can  be viewed as s imple "objects"  of v a r y i n g  

l e n g t h  d i s t r i b u t e d  throughout memory then  some scheme i s  needed t o  re- 
-- a l l o c a t e  snace whenever o b j e c t s  compete f o r  t h e  sane s p a 2  o r  when = 
o b j e c t s  need t o  be s t o r e d  - i n  memory. S p e c i f i c a l l y ,  i t  may be necessary  

I t  t o  move some of the o b j e c t s  "3" o r  

addres sab le  memory t o  make room f o r  each o t h e r ' s  growth, o r  t o  make 

down'' i n  memory, o r  "out" - of 

room for new o b j e c t s .  

*A cons t r a ined  ve r s ion  of t h i s  problem w a s  given t o  A. P n u e l i  a t  
t h e  Weizmann I n s t i t u t e ,  Kehovet, Israel by some des igne r s  of a large - 
multi-program computer. 
1971.) 

(Shimon Even, Personal  conversa t ion ,  A p r i l ,  
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0.1 T h e  Model 

A l l  changes i n  lenFth  of any memory o b j e c t  occur  a t  one, and 

only one, end of t h a t  o b j e c t  s o  t h x t  each o b j e c t  can be modeled bv 

a s t a c k  (1:). - CFlanTes -In l c n o t h  occur  
at t op  only  

S t a clr 

Botton 

All s t a c k s  i n  memory are o r i e n t e d  i n  t h e  same d i r e c t i o n ,  so 

t h a t  t h e  address  of t h e  hottom of a s t a c k  i s  alwavs less than  or 

e q u a l  t o  t h e  address  of t h e  top of t h e  s t a c k  (Y). 

The c u r r e n t  conten t  of memorv c o n s i s t s  of n s t a c k s ,  l abe led  

w i t h  t h e  i n t e y e r s  1,2, ..., n s t a r t i n %  from t h e  hottom of nemory 

(E,L,&P). 

?iemory 
Top of 1 r---7 

Increasiny 
Address e s 

-Top of s t a c k  #n 

-Bottom of Stack ?h 
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* 
The a l l o c a t a b l e  po r t ion  of memory is bounded bv two addres ses .  

x1 5 c o n s t a n t ;  t h e  bottom of memorv; t h e  address  of t h e  
f i r s t  available l o c a t i o n  i n  r?ern.ory 

X Z cons tan t ;  t h e  t o p  of memory: t h e  address  of t h e  
n+' f i r s t  1.ocntion whicli I s  - -  n o t  a l l o c a t a b l e  

Thus s t a c k  81 is no t  relocatab1.e b u t  can have varyinc?. l eng th .  

S tack  #(n+l )  i s  no t  r e l o c a t a b l e  and i s  llduimmy" i n  t h e  sense  t h a t  

- 

i t s  l e n e t h  is  i r r e l e v a n t  to t h e  re-al . locat ion problem. 

Al loca t  ablt 
? lemry 

n + l  X 

xn 

C x1 

I I 

I I 

f Stack  
I #(n+l )  

f- 

Stack  

;.=̂ -- 
Stack  

E 1 

Ton of mcmeory 
(f ixe.d) 

-- Rot t o m  of memory 
(fixed) 

*These borindarv cond i t ions ,  which d i f f e r  s l i c ? i t l v  from t hose  used 
by ( K ) ,  o r  those  suE-ested hv ( E , J , . & P ) ,  wxc chosen because they  are 
more c o n s i s t e n t  wi th  the  model be ing  formulsted. 
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The cu r ren t  memory conf i cu ra t ion  i s  dcscr ibed  bv  t h e  followi.nc. 

sets .  

fJr = { 2 , 3 ,  ..., n )  i s  t h e  se t  of r e l o c a t a b l e  s t a c k s ,  
where t h e  I n t e y e r  i E N, i s  the 

lahel of  t h e  ith st;lck from t h e  
h o t t o v  of menory. 

Xr = {x2 ,x3 ,  ..., x } i s  t h e  set of s t a r t i n p  addresses  
o €  t h e  relocats5le s t a c k s ,  where 

xi E Xr I s  t h e  s t a r t l n ?  addrcss 

of s t a c k  i E N . 

n 

r 

L = ( 9 ,  R . . . ,R 1 i s  t h e  s e t  of I e n ~ t h s  of t h e  n v a r i a h l n  l enp th  stacks, \.:here 
P,. E L is t h e  non-ncontivc 

c u r r e n t  I.cnyth of s t a c k  
i E ?: L ) { l ) .  

1' 2' 

I. 

r 

lli l e n g t h  i n  words 

next  word 
above s t a c k  

address of bottom 
fits t word 
in ? t a c k  

Yote t h a t  t hc  mqdel allows s t a c k s  of l env th  zero. Thus i f  

i n  o t h e r  words, i+l' ki = 0,  then  i t  i s  possJ.blc t h a t  xl = x  

cnpty s t a c k s  do not  occup)? space.  
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Afte r  a c e r t a i n  amolIi1t of t im t h e  nenorv req i i l rencnts  of 

t h e  n v a r i a b l e  l eny th  .;tficks currcnt1.y residin:: i n  memory cbanze, 

and i t  mav he ncccssarv  t o  r e l n c a t c  some of t h c  stacks t o  accomddate 

t h e  new memory requirements .  The new nrrnory requirements  of t h e  n 

s t a c k s  are s p e c i f i e d  bv t h e  se t  

Qi F: L '  

L '  = { k i , P , i ,  ..., EA], where 

is t h e  new l e n s t h  (mcmorv r c q u i r c a e n t )  of s t a c k  
- * 

i E N p 1 1  (E,L,BP). 

0.2 A Cost Function 

w is  any non-necative func t ion  vh tc5  nss lpns  t o  each re1 oca tab le  

s t a c k  i n  addres sab le  memory a cost of r e l o c a t i o n  d i f c h  i s  independent 

of t h e  d i s t a n c e  moved. Thus w ( i )  i s  t h e  c o s t  of movinE s t a c k  ** 

i E N t o  sone o t h e r  p a r t  of addressable .  memory. If a 

r e - a l l o c a t i o n  of rncmory requires t h a t  a sct of s t a c k s  S S N  be 

r e l o c a t e d  (and rhus t h a t  t h e  se t  

r 

r r  

(Hr-Sr) U (1 ,n+l} remain i n  p l a c e ) ,  

t hen  t h e  c o s t  of r e - a l l o c a t i o n  is (E,L,&P). Occas iona l ly  

t h e  n o t a t i o n  w(S)  w i l l  be used where w(S) is de f ined  t o  b e  

*L and L '  C l i s t i ?wish  the  c n r r e n t  from new (or  l l successo r t l )  
memorv requirements .  111 a l l  o the r  ca ses ,  the Drive svmbol w i l l  
i n d i c a t e  t h e  mod i f i ca t ion  of a s e t  t o  inc lude  r e fe rence  t o  i?l,cr?ents 
1 and n- t l .  Ilxamnle: I f  M CN is  a se t  of  s t a c k s ,  N '  = 
NU(1,n-l-1). r 

** This  c o n s t r a i n t  on the c o s t  func t ion  rrf lects  the behavior  of  
rrove" and "block t r n n s f c r "  f n n t r v c t t o n s  on most c o n t c w o r a r v  I 1  

computers.  
(of the s t a c k )  on al-nost all rachines. 

The t fTw r rnu i r ed  t o  mow R stnclc i s  l i n e a r  w i t h  l cnq th  - -  - 
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i 

0.3 Reloca t ion  Without Re-orderiny 

The definition of t h e  r e - a l l o c a t i o n  problem adonted bv (K) 

and (E ,L, &P> imnoses the foll.owinq 'cons t r n i n t s  : 

1 )  the numb9r of stat?:? i n  a d d r e s s a b l e  memory remains f ixed;  

2) the o r d e r  t h a t  the s t a c k s  are s t o r e d  i n  addressable  memory 
reqains fixed. 

- 

Thus the memory r e - a l l o c a t i o n  problem reduces t o  a problem of 

re 1 oca t i on w i thou t re -0 r d e 2- 1. n . 
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1.0 Finding a Plinimum Cost Re-al locat ion 

1.1 The Optimizat ion Problem 

Given t h e  model s p e c i f i e d  i n  0.1,  t h e  memory r e l o c a t i o n  problem 

can b e  formulated as a d i s c r e t e  op t imiza t ion  problem. The  problem i s  

of the s e t  of r e l o c a t a b l e  s t a c k s  Nr which 'r 

- i € S r  

t o  choose a subse t  

minimizes t h e  sum 1 w ( i )  and which does n o t  v i o l a t e  the c o n s t r a i n t s  

(1)-(4) below. 

1) Constant Number--n, t he  number o f  v a r j a h l e  l c n y t h  stacks, 
r e m i n s  f i x e d  (K) . 

2)  Constant Order--the order  i n  which the stacks are s t o r e d  
i n  memorv remains f ixed ( K ) .  

3) Capacity--It  is al.wavs t r u e  t h a t  

(Otherwise,  t he  neTi memory reTii3 rcments exceed 
t h e  c a F a c i t v  of  rnmvv-v ( F , L , & P ) . )  

4 )  &erlap--l>et S' =(?Ir-Sr)U(l,n+l) be  t h e  set of s t a c k s  
8 

whfch remain stat3.onarv. Then it must always  be t r u e  

t h a t  i f  i , j  E SA and i < j , then  

The "no overlap" c o n s t r a i n t  asserts t h a t  between any two 

s t a c k s  and j w h j c h  are no t  r e loca ted  t h e r e  i s  

i , i+l , . . . , j  -1 ,T,, t?). 
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A l t e r n a t i v e l y ,  a subse t  SsCNr, a subse t  of r e l o c a t a b l e  s t a c k s  

which are t o  remain s t a t i o n a r y ,  can be  chosen which maximizes t h e  sum 

1 w ( i >  and which does no t  v i o l a t e  t h e  c o n s t r a i n t s  (1)-(4) ,  where 
iESs 

Si a S U{l,n+l) is used t o  define S '  i n  c o n s t r a i n t  ( 4 ) .  
d S 

- 
C12in: Thc probler? of flnrlina a s e t  of stac!cs S C_U which c m  

remain s t a t i o n a r y ,  and which has mximum r e l o c a t i o n  c o s t ,  i s  t h e  

dilal of t h e  problem of f i n d i n l :  a set  of stack.; S G Y  t o  be 

r e l o c a t e d  tQich  has ninimwn r e l o c a t i o n  c o s t .  

s r  _I__ 

r r  

Proof .  N = SrUSs and N is fixed. r r -- 

Def in i t i on :  Give2 sets X and L ' ,  the ordered mir !4 = (Xr,I,') 

i s  a mewry r e l n c 2 t i o n  problem. 

r -- 

- - 

Dcf ln i t fon :  Given a mcrnory r e l o c a t i o n  prohleq  Y,  a sol-ut jon ( i .e . ,  

a s o l u t i o n  t o  "1) i.s a maximal. se t  of s t a c k s  S 5 Y  whtch can 

rma in S t a t i o n a r y  . 
* 

s r  

D e f i n i t i o n :  Given a nemory r e l o c a t i o n  ?rohlem !4 and a r e l o c a t i o n  
--.-- 

c o s t  €unct ion  w, a rei-ocntion optirizzt€on 3rohlern is  an ordered 

p ? i r  (w,M). 

------- 

*Given a s e t  S and a p r e d i c a t e  F ,  S is  maximal under ? i f  
and onlv  i f  P ( S )  and 3 no s e t  T such t h a t  S C T  and F(T), 
where c denotes  p r o p e r  containment. 
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D r f i - ~ i t i m :  C,i-c.cn an ontfmizatton rlrgh'lcn (w,M), a solution 

? G.1 to the relncztjon problem ' 7 ,  f ins -_-_I--- rna~!iiur\ r e l o c n t i o n  -- cost 

if and only if f o r  all solutions T _CY to ' I ,  

- -_I_- 

s r  

s r  

- 
Definition: Given an optimization problem (w,M), a max-cost solution _ _  ___ I-.- -I 

is a solution S 4Nr which has naxfmim relocation cost. 
S 

ProFosition -- ----- 1: 

stacks S E.N there exists a memory relocation ?rohl.cm ?i,  such 

that S is a max-cost solution to t h e  relocation optimization 

problem (w,N). 

Given on ly  a cost function w --for all subsets of  

s r' 

S 

* Proof. Choose the. sets X and L' so that S is the  _-2 onlv - r S _--- 
solution to ? = (X r ,I,'}, and then ss is necessarily the 

max-cost solution to (w ,M) .  

Proposition U: Given "condition X" (See below), a cost function w, 

and a set of starting addresses X ; for each subset  of stacks 

S s ~ Y r ,  there exists a set of new memory requirements T.' such 

that S s  is a max-cost solution to the relocation optimization 

problem (w,M), where Iil = (Xr,L ' ) .  

--__ __-I-- I __- 
r 

--__.______I__ -- --- - ---- ---- 
-xl) > n, where n is the ntimher of variable  (Xn+l *As sumin o, 

l e n p t h  stacks. 
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Condit ion X: For most s e t s  X l i k e l y  t o  a r i s e  i n  p r a c t i c e  ' ' condi t ion  

X" can be e l imina ted  from Propos i t ion  1A. 

e l i n i n a t e d  e n t i r e l y  i f  thc memory r e a l l o c a t i o n  p rob lcn  were aene ra l i zed  

r -- - 

It could probably be  

t o  allow s t a c k s  t o  d isapnear  when empty ( i ,e . ,  gene ra l i zed  t o  l e t  n 

be v a r i a b l e )  , s i n c e  most o f  t h e  anomalies occur  when several s t a c k s  

a r e c m n t y  o r  when t h e  number of s t a c k s  approaches t h e  number of 

s t o r a s e  l o c a t i o n s  i n  memory. I n  any case, c o n d i t i o n  X i n d i c a t e s  

t h a t  t h e  c u r r e n t  problem d e f i n i t i o n  is no t  e n t i r e l y  f r e e  or 

redundancy ( s ince  i t  i s  reasonable  t o  expect  t h a t  t h e  set 'Xr 

a v a i l a b l e  long be fo re  t h e  s e t  L ' ,  and for some sets  Xr n o t  

every  s o l u t i o n  S G N  i s  p o s s i b l e ) .  

is 

S I :  

The ve r s ion  of cond i t ion  X below i s  s u f f i c i e n t ,  hiit c e r t a i n l y  

n o t  necessa ry ,  f o r  P ropos i t i on  1A t o  be t r u e .  The proof Riven 

below is ,  accord ine ly ,  less s a t i s f y i n g  than  one which employed a 

necessa ry ,  as well as s n f f i c i e n t ,  cond i t ion  X. 

"Condition X" i s  t r u e  i f  and on1.v i f  no two s t a c k s  have t h e  

-x ) >> n ,  where n i s  t h e  number (xn+l 1 .same s t a r t i n a  address  and 

of stacks. 
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Proof of Propos i t ion  1.A: Consider two cases. ._________-- 

(i) S s  = fl. (All re locntable .  s t a c k s  nust be r e l o c a t e d . )  

Choose 9.; = 0, and choose 2 i , P . i ,  ..., t 1  s o  t h a t  

s t a c k s  2 , 3  ,... ,n m u s t  all be rnoved  do;^. 

n 
* 

(ii) S s  # 8. (Sone s t a c k s  can remain s t a t i o n a r v . )  

- vi E SsU{I.) choose t i  = 0 ,  and then  vj E 0 J r - S r )  

choose E' large enough so  t h a t  a l l  such s t a c k s  j have 

t o  be moved dotm. 
j 

;t 

Since ,  i n  both  c a s e s ,  S s  i s  t h e  only s o l u t i o n  (by c o n s t r u c t i o n )  

it is t h e  max-cost so lu t jon .  

= x p ,  2 Note t h a t  in t he  case w?iere El already is zero and x * 
t hen  t h e  s o l u t i o n  S s  = @ does not  __-I- preserve - _. cond i t ion  X s i n c e  a f t e r  

1 = x2' r e l o c a t i o n  x 
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1.2  Defining t h e  So lu t ion  J.at:ticc 

* 
D e f i n i t i o n s :  A r e l a t i o n  i n  a set A is  ..- stronp . ~_  _ _  .-- o r d e r  _ _  I r e l a t i o n  - 

if ancI.only if i t  1s  i r re f l . ex ive  and t r a n s i t i v e :  a r e l a t i o n  94' A 

i s  a weak orde r  relarion i f  and onlv 3.f it. 3 s  r e f l e x i v e ,  a n t i -  

synmetric, and t r a n s i t i v e .  

_.  __.. - - -.-.- -... 

i n  

___-_._ - . -  - __-_-- 

ha ordered  I----. ..-_ -- se t  .-- i s  a t r i p l e  <A,Y,%'>  

cons is t inR of a s e t ,  and corrcsnondinq strong and weak o r d e r  

r e l a t i o n s .  A weak order r e l a t i o n  '%' i n  A i s  _-._ l iner i r  __- - if and on ly  

- 

i f  and only  i f  ( d  a , b  E A) a P h ,  a = b ,  or bcY.x, 

D e f i n i t i o n :  (E,L,&P) For a given neniory r e l o c a t i o n  problem M = (Xr,L'), 

define a b ina ry  r e l a t i o n  PI on the set 14' = N L))Cl,n+l) as fol lows:  

for i , j  E I? ' ,  xi,xj E X I ,  where X '  = X U)Cl,n-tl}, R i  E L ' ,  and 

1: 

r 

i < 3 ,  

For i > j ,  

T h e  r e l a t i o n  R w i l l  occas iona l ly  be w r i t t e n  as R(F1) , o r  R(Xr ,L ' )  

to emphasize t h a t  t h e  r e l a t i o n  encodes a _sgecific r e l o c a t i o n  problem. 

The a l g e b r a i c  d e f i n i t i o n s  used i n  t h i s  s e c t i o n  are from (G) Chapter 6. * 
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-- C l a i m :  The r e l a t i o n  R is  i r r e f l e x i v e ,  symmetric, and  t r a n s i t i v e .  

-t 
C l a i m :  Given M, K and zr are corresponding 

o r d e r  r e l a t i o n s  where R = { ( i , j )  1 i < j 'and ( i , j )  E R(M)) and 

s t r o n g  and weak 

+ 

-+ 
= "R f { ( i , i )  I i E N'l. Rr. 

- 
3 - f  

C l a i m :  Given M, cN',R,R > i s  an ordered  set. r -- 

C l a i m .  Given M, t h e r e  is at l e a s t  one s u b s e t  of s t a c k s  S ' 5 h T '  

such t h a t  <S',R A(S' x S ' ) , z r  O ( S '  x S ' ) >  
-f 

i s  a l i n e a r l y  ordered  set .  

Proof.  By c o n s t r a i n t  ( 3 ) ,  (Capac i ty) ,  S'  5 { l , n + l )  i s  such a 

* subset. 

Propos i t i on  2: Given M, l e t  S S N "  b e  any subse t  of s t a c k s  such 

t h a t  1 S i  
+ 

2 and <S,R il (S X S) ,Zr 0 ( S  X S) is linearly ordered.  

For a l l  p a i r s  of s t a c k s  s1,s2 E S ,  such t h a t  s1 < s2, s1 and s2 

need n o t  be r e l o c a t e d  . .  relative to  each  o t h e r ,  t h a t  i s ,  t h e r e  is  room 

2-I f o r  t h e  memory requirements  of  t h e  s2-s1 s t a c k s  s1,s1+1,s1+2, ..., s 

between s1 and s -1 inc lus ive .  2 

Proof.  I f  S is  a l i n e a r l y  ordered  s e t ,  t hen  R(P1) i s  s a t i s f i e d  

f o r  a l l  p a i r s  of  s t a c k s  i n  S. Thus no r e l o c a t i o n  i s  necessary  f o r  a l l  

p a i r s  i n  S r e l a t i v e  t o  each other .  -- 
* I f  S '  = { l , n + l )  i s  t h e  only such l i n e a r l y  ordered set, f o r  a given 

M, t hen  t h e  solution (and mx-cos t  s o l u t i o n )  S , G N  t o  t h e  problem 
(w,Pr) i s  S s  = 6, t h c  e m p t y  set. r 



1) I f  

1 

I S \  > 2 ,  t hen ,  i n  ycnera l ,  some of t h e  s t a c k s  between 

s and s2, e s c l u s I v c ,  w i l l  no t  _I_- be elements  of  S ,  

2 )  i n  which case, they r u s t  be r e loca ted  - i f  s1 and s2 are 

t o  remain i n  p l a c e ,  

3) and t h e  facr. t h a t  any such s t a c k  l i e s  between two l i n e a r l y  

ordered  stacks, s1 and s 2 ,  implies t h a t  t h e r e  i s  

s u f f i c i e n t  space f o r  a  successful^ r e l o c a t i o n  of  a l l  s t a c k s  

which are b c ti Jccn s1 and s 2 ,  exclusfve,  and n o t  i n  S ,  

remain s t a t i o n a r y .  whi le  s1 and s 2  

Proposi t ion.2:  L e t  Si = Ss j{l,n-i-l} where SsGNr i s  any s u b s e t  

of r e l o c a t a b l e  s t a c k s .  Given a memory r e l o c a t i o n  problem M, 

<Si,$ n (Si x Si) ,Rr 

i f  and only  if Ss is a s o l u t i o n  t o  M. 

-+ 
(Si x SL)> i s  a maximal l i n e a r l y  ordered  s e t  

-.- Proof.  (-3) If Si is  l i n e a r l y  ordered ,  then  by P ropos i t i on  2 

no element of S'  needs t o  be r e loca ted ,  s i n c e  l,n+l E S i .  I f  Si 

is maximal, then  no p rope r ly  conta in ing  set can remain s t a t i o n a r y .  

The re fo re ,  Ss is a s o l u t i o n .  

S 

(c") I f  S s  is  a s o l u t i o n ,  then  a l l  pairs i n  S '  s a t i s f y  R(I f ) ,  
S 

so t h a t  Si i s  l i n e a r l y  ordered .  Thus, SL is a maximal set w i t h  t h i s  

p r o p e r t y  by d e f i n i t i o n  of "solut ion."  



18. 

D e f i n i t i o n .  L e t  '% b e  a weak o r d e r  r e l a t i o n  i n  A and l e t  B G A .  

The element c E A i s  an upper bound of B i f  ( t ' b  E E)  bWc.  

S i m i l a r l y ,  d i s  a lower bound of B i f  ( v  b c R )  dW1.  I f  t h e r e  

e x i s t s  a t  most one upper bound c of B such t h a t  f o r  all upper 
0 

bounds c of B,  coW'c, t hen  co is  t h e  %remum of B ,  o r  sup  B. 

S i m i l a r l y ,  i f  t h e r e  e x i s t s  a t  nos t  one lower bound do of B such 

t h a t  f o r  a l l  lower bounds d of I3, d%'dO, t h e n  d is  the inf inum 

of B,  o r  inf B. 

--_I 

-- - 

- 

Definition. "in ordered set  <A,LP,W'> is a -_I___ l a t t i c e  - i f  :tnd on ly  i f  

each two-element s u b s e t  of A has bo th  a SUD and inf. 

. - _ - -  - - - -  - -  

s o l u t i o n  is a s o l u t i o n  to 11 p l u s  the s t a c k s  1 and ni-I.. T h i i s ,  ----- 

i f  S s  i s  a s o l u t i o n ,  S' = S u{l.n+l) i s  an aiiymented s o l u t i o n .  
S s 

L 



is  a l a t t i c e .  

* ---- Proof .  L e t  T = { a , b )  be any two-el.emcnt subse t  of 11;. 

Assume a e b. E i t h e r  a and b l ie.  I n  the same nupmented 

s o l u t i o n ,  or i n  different a u p e n t e d  s o l u t i o n s .  

If they  l i e  i n  t h e  same aupented s o l u t i o n ,  then  under t h e  

-t 
weak o r d e r  r e l a t i o n  R sup{a,b) = b and i n f { a , b )  = a. r' 

I f  they  l i e  i n  d i f f e r e n t  aumnented s o l u t i o n s ,  then {a,b) 

always has a t  leas t  one upper bound, t h e  element n + l ,  and a t  l ea s t  

one lower bound, t he  e l e n e n t  1, under  t h e  rc l .a t ion  R . Thus 

t h e r e  is  always a - u n x u e  - least  upper bound and a unique g r e a t e s t  

lower bound, s i n c e  Rr is antisycunetric.  I n  o t h e r  words, i n  t h e  

case where s t a c k s  a and b a r e  i n  d i s t i n c t  augmented s o l u t i o n s ,  

-. __-a- 
+ 
r 

-9 

sup{a ,b)  is t h e  leas t  s t a c k  above a and b common t o  both 

augmented s o l u t i o n s ,  and infEa,b)  is  the  g r e a t e s t  s t a c k  below a 

and b common t o  both  augmented s o l u t i o n s .  

"Again by t h e  capac i ty  c o n s t r a i n t ,  f o r  a l l  M, I N ' I  2 2. 
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D e f i n i t l o n .  Let t h e  l a t t i c e  def ined  by t h e  s c t  N' = {1,2,  ..., n+l) 
and t h e  r e l a t i o n  F (?I) be c a l l e d  t h e  r;oli!tion l a t t € c c .  

. I---- 

-+ 
_-_ -I----- -I.--- r 

-+ 
C l a i m .  Given Rr(?I) and c o n s t r a i n t s  (1)-(4) ,  there is one and 

o n l y  one so l r i t ion  l a t t i c e .  

.--I--- 

* 

* 
Sate t h a t  this a s s e r t i o n  of untqueness requires t h e  f a c t  t h a t  

the elements  of  thp  l a t t i c e  are l abe led  w i t h  h t e p e r s .  
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1.3 Const ruc t in?  t h e  Solri t ion L a t t i c c  

L e t  t h e  non-i .dcntjcal  p a i r s  of tlemc!nts o f  t h e  s e t  

N '  = {1,2, ..., n , n + l ]  be z r rnnned  i n  rows 3,s shorm below. 

Row 1 
ROW 2 

- Row 3 

Row n-2 
Kow n-1 

Rot7 n 

(1,3) (2,111 ... (i,i-i-?) ... (n-2,n) / (n-1. ni-I 1 
. . .  (n-3 ,n) /' (n-?,n+I) 

/ 
( 1 . 4 )  ( 2 . 5 )  

Data Rase for S o l u t i o n  Lat t ice  Akori thrn 
- _ _ I _  

I n  Ror.7 k, a l l  pairs (i,i+k), f o r  1 < i < [(n+l)-k], apnear  

Let each p a i r  r(l ,j)] 
- -  

a r r m q e d  i n  ascending o r d e r  of l e f t  element.  

rcnrescnt t h e  Dreclicate, " m f ~ e n  an 3, t h e  pair  i s  an element o f  

R " i.e., 
3 

r' 
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Propos i t i on  5: Given ti, for a l l  i c I d r ,  i f  e i t h e r  [(l,i)] o r  

[ ( i ,n+l ) l  are f a l s e ,  then  s t a c k  i cannot b e  a member of  a l i n e a r l y  

ordered s e t  con ta in ing  s t a c k s  1 and n+l;  t h a t  i s ,  i t  cannot be i n  

a s o l u t i o n  t o  Fl. 

Proof.  Assume T<l,i)i is f a l s e  and t h a t  i E S where 
S’ 

i s  a s o l u t i o n  t o  M. Then i E Si = Ss U { l , n + l )  which i s  l i n e a r l y  

ordered ,  c o n t r a d i c t i n g  ( 1 , i )  t? zr (F1) .  S i m i l a r l y ,  i f  r( i ,n+l)]  i s  

f a l s e ,  and i i s  a member of a s o l u t i o n  Ss, then  i E Si = 

S U{l ,n+l}  which is l i n e a r l y  o rde red , con t r ad ic t ing  

- 

( i , n + l )  C Zr(M). 6 

T h e  a lgor i thm c o n s t r u c t s  the s o l u t i o n  1nt t i . cc  p r o r w d i n o  row 

by rov  co lo r inq  p a i r s  according t o  t h e  fol loxdnp scheme. 

-+ --- Green--A -- pair (i, j )  is colored --- ?reen i f  (i ,j) E Pr  (Y) , and t h e r e  
3 

are n o ‘ p a i r s  ( i , k ) , ( k , j )  c R . 
Y 

Y e l l o w - A  p a i r  ( i , j )  is  colored v c l l o v  i f  (i, j )  c 3 (Y) hv  r -----I -- 

t r a n s i t i v i t y  (nanely,  there  are p l r s  ( i , k ) ,  ( k , j )  F: S r Y ) ) .  
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-+ * Dlack--A "lower p a i r "  ( 1 , j )  s h a l l  be  co lored  bla& if (j,n+l) k R ( N ) ,  
* 

i.e. , (j ,n+l) is colored  red. An "upper p a i r "  ( j  ,n+l) s h a l l  

be colored  _II_ black  if (1,j) 6 $(>I), i . e . ,  (1,j) i s  colored  red. 

An " i n t e r i o r  pa i r"*  ( i , j )  s h a l l  b e  ---- colored  black if any of 

(l,i), ( l , j ) ,  ( i , n + l ) ,  ( j ,n+l )  fail to be true, i.e., if any of 

them are colored red.  - 

R l i l e :  If a pair i s  colored morr t han  onc r ,  the nos t  r e c e n t  c o l o r i n g  

takes precedence. 

-- - 

I n i t i a l i z a t i o n :  Color t h e  n a l r  ( l , n + I )  preen s i n c e  c o n s t r a i n t  (3) 

specifies tha t  rncnorv i t se l f  cannot overf 1cv. 

___-___I-_._-- 

So 1 ut 1 on J,? t t 1. ce A 1  cor i t hn : 

TKITIALIZC:  k + 0 

INCREMETIT : k + k-i-1 ... k i s  Row index 

LO:IEK.PAIP,: I f  (l,l+k) i s  al-ready b l ack ,  KO to UPPER. 
PATR. Otherrrisc, c o l o r  (1,1+2) wxxn  o r  r c 4  as  
appropr i a t e .  If (I. , l+k) is  r e d ,  c o l o r  (I+k,n+l) 
and - -  a l l  i n t e r i o r  p a i r s  (i,l+k) and (l+k,i) black  
r e g a r d l e s s  of row or p r i o r  c o l o r .  

UPPER.P.4TR: I f  (ntl-!c,n+l) i s  alrendv trlack PO t o  
IVTTRInR.?AIRS. r)ttlerv.lisc_, c o l o r  (n+l-k.n+l) ? r e m  
o r  r e d  as a n n r m r i n t e .  If (n+l-!:,q+l) i s  r e d ,  

and (n+l -k , i )  b l a c k  r c ~ ~ a r d l c s s  of row o r  n r i o r  co lo r .  
. color  (l,n+l-l:) and a l l  i n t e r i o r  n , n i r s  (j.,n-tl-k.) ---- 

, 

"See di.ay,rnn a t  bcyinninc! of ' ec t ion  1.3.  
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TCST : I f  ( l . ,n+l)  cnlorecl s e l lo t r  t h e n  RO 

to DO'T.  T F  k = n-1 then po t o  DONE. O t h e r w i s e ,  
70 t o  IX('!IT~''FYT. 

D O ? T  : Stop .  

S.e t 

+ 
Then < u , s  O ( ' :  x N),R,() (N x N ) >  

Proof :  (of corrcctncqs of a3 n o r i t h m )  

is the solution l a t t i c e .  

_- 
F o 1 l m ~ s  f ron . .  . 

I.) Pronosttion 5. 

2) Definition of colors.  

3) Order in which rows of  p a i r s  are colored .  
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1 . 4  Searchinr: t h e  So lu t ion  L a t t i c e  

A s s u m e  t h e  s o l u t i o n  l a t  t i c e  a l y o r i t h n  has  been a p 2 l i e t l .  

D e f i n i t i o n .  A scrliicnce of n a i r s  i s  a )ion-evinty o rde reJ  set of 

;lairs ( j , j ) ,  where t h e  l e f t  e levent  of tlic first: p a i r  i s  1 

and-the r i y l i t  e l e m n t  of t h e  I n s t  ?air i s  n-4-I and everv  

ad jacen t  p a i r  of p a i r s  i n  t h e  sequence i s  of t h e  form 

- - - - _- -_ - - -  _ -  ~ _ .  . _- 

(f, i 1 ( j  ,W 
Example: SP = [ ( 1 , 3 ) , ( 3 , ~ ~ ) , ( 4 , ~ ) , ( 3 , 1 0 ) 1 ,  vherc n = 9 .  

i s  a sequence of p a i r s .  

CSaim. - Let SP be a sequcnce of n a i r s .  (SP} i s  a maximal. 

l i n e a r l y  ordered  s e t  i f  m t l  onlv i€ each p a i r  i n  SP i s  col.ored 

c reen .  

--- Proof.. _- - Given co r rec tness  of  s o l u t i o n  l a t t i c e  a lgor i thm,  

t h e  claim fo l lows  from d e f i n i t i o n  of sequence of p a i r s .  

Def in i t i on .  

r e s p e c t i v e l y ,  t h e  yrecn p a i r  ( i , j )  such t h a t  j - i  is n t n i m m  

over  all preen p a i r s ,  and t h e  p r e e n  n a i r  (?<,E) such t h a t  

The smallest in te rva l -  and l a r n e s t  - - -_ - _  i n t e r v a l  -_ _ _ _ _ _ _  are, - --I- __I__- - - -  

k - 1 ~  I s  mnxiniirn over a l l  ween  p a i r s .  
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Claim. I f  ( i , j )  i s  a smallest i n t e r v a l  and s is t h e  index of 

t h e  least row con ta in in?  a ereen p a i r ,  then  s = j - i .  Simi.lar1.y , 

9, = j- i  i f  ( i , j )  i s  a l a r q e s t  in te rva l .  and 9, i s  t h e  index of 

t h e  g r e a t e s t  row con ta in ing  B yreen p a i r .  

_- - - -- 

- A t  t h i s  p o i n t  a t  least twa a l t e r n a t i v e s  p r e s e n t  themselves.  

E i t h e r  t h e  s o l u t i o n  l a t t i c e  can be  searched For a rnaximum c o s t  

s o l u t i o n ,  o r  t h e  l a t t i c e  cons t ruc to r  a l c o r i r h  ( Sec t lon  1.3) can 

be modified t o  sea rch  f o r  a max-cost c o l u t i o n  as  i t  c o n s t r u c t s  

t h e  s o l u t i o n  1a t t i . ce .  I n  t h e  former (two-pass) case ,  the s m a l l e s t  

and l a r g e s t  i n t e r v a l  can be used t o  c u t  down on t h e  sea rch .  

S p e c i f i c a l l y ,  i f  t h e  l a t t i c e  cons t ruc to r  a lgor i thm c a l c u l a t e s  

t h e  l a r g e s t  i n t e r v a l  I&, 

(i, j )  one need only  search fo r  preen pairs ( j  ,k.) wSere 

then f o r  a Eiven qroen i n t c r i o r  p a i r  

j < k < j+I -1. I n  the l a t t e r  (one-pass) c a s e ,  t h e  mod i f i ca t ions  

t o  t h e  l a t t i c e  c o n s t r u c t o r  alEorithrn are as f o l l o w s .  I n  o rde r  t o  

s e a r c h  f o r  .a maximum c o s t  s o l u t i o n  s imultaneously t h e  a lgo r i thm 

9, 

must a s s o c i a t e  wi.th each i n t e r i o r  p a i r  ( i , j )  which i s  colored 

green  an "up cost" and "down cos t . "  These two c o s t s  are s imple  

are  (poss ib ly  emntv) p a r t i a l l y  formed sequences of p a i r s  f ro?  the  

green p a i r  ( i , j )  t o ,  r e s n e c t i v e l y ,  t h e  preen p a l r e  (k ,n+l )  

and ( 1 , q ) .  Thus,  i f  a t  some p o i n t  of t h e  c o n s t r u c t i o n  of the 

s o l u t i o n  l a t t i c e  t h e r e  a r e  one o r  more p a r t i a l  scqucnccs of green 
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p a i r s  t o  t h e  top  o r  b o t t n m  of memory from a Kiven yl-cen p a i r  one 

can a s s o c i a t e d  w i t h  r h a t  pa i f  R c o s t  which  i s  maxirnum over t'le 

p a r t i a l  scqwnce of p a i r s .  As partial seqiienccs bccomc 

sequences one need only  keen the l a r g e s t  cos t  sol.rition found UD 

t o  that p o i n t .  
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1.5 Tine and Space Eounds  

D e f l n i t i o n .  One u p i t  of t i n e  i s  r equ i r ed  by t h c  l a t t i c e  c o n s t r u c t o r  

a l zo r i thm t o  eva lua te  ( co lo r )  one p a i r .  ( A I 1  o t h e r  o n e r a t i o n s  w i l l  

be assiimed t o  consume an amount of time which v a r i e s  n e i t h e r  

w i t h  r e s p e c t  t o  t h e  complexity of a p a r t i c u l a r  prohlcn  or t h e  

number of stacks i n  memory.) 

- -I--- - --_-_- - . - 

Defjmit ion.  

a l l  necessary  information about t h a t  n a f r ,  such as i t s  color. 

One _-__---I- u n i t  of --_- rrmmry - -- is  reqi i i red t o  s t o r e  one p a i r  and _ _  -_ . -I-- 

Assume for s i m p l i c i t y  that t h e  e n t i r e  t r i a n e l e  of p a i r s  fs 

s t o r e d  f o r  manipulat ion bv the l a t t i  ce  c o n s t r u c t o r  a l c o r i  thm. 

(Cer t a jn ly  no more than  kn' " u n i t s  of memorv" w i l l  be r equ i r ed  t o  

s t o r e  t h i s  a r r a y ,  where 

res ld ine ,  i n  a c ~ o r y .  ) 

n is t h e  number of stnclcs c u r r e n t l y  

Consitler two r e l o c a t i o n  o n t i r i x s t i o n  prohlcms,  O1 = (w,Y ) 1 

and O2 = (w,Y2). Let M = (Xr,L')  be such that no r e l o c a t i o n  1. 

is r equ i r ed  t o  accomodnte t h e  nev  nenory renuirements  1,'. Thus 

the s o l u t i o n  Ss 

nax-cost s o l u t i o n )  is t h o  set  R --all. t h e  s t a c k s  can remiin in r 

p lace .  The lattice cons t ruc to r  n lpor f th-?  vi11 rcqii-tre n t j n e  

(which i s  a l s o  t h e  o n l v  s o l r r t i ~ n  arid th i i s  t h e  

one row). 

N U { l , r + l ) .  

sinzle edpe. 

\'e can r ep resen t  t h c  s o l u t f o n  2s a yy-ph on t h e  s e t  

Adjacent s t a c k s  I n  t h e  s o l u t i o n  a r e  conncctcd bv a 
r 



1 Solii t ion t o  0 

Sol .u t ions  to 0, 
L 

2 3 .  



3 0 .  

Tn o t h e r  m r d s ,  any s t a c k  i E I? can rennin  i n  p l ace  but  t h e  set  r 

9 - Ci) 113s t o  b c  r e loca ted .  "ate t h a t  no p a i r  can bc c o h r c d  r 

prceq ?>v r r a n n i t i v i  ty. (The p a i r  (1,n-t-1) 1s - r w n  -Ln i t in l lv . )  

Thns  evcry p a i r  i n  evcry  row r?rist be evalua ted  hv the l a t t i c e  

cons t r r ic tor  n l y o r i t h .  This w t l l  c o n s n v  k (------ ) t i n e  u n i t s .  
n (n-1) 

2 

O1 -_ Clai%. - -- 

and O2 

t o  c o n s t r u c t  t h e  s o l u t i o n  l a t t i c e .  

Given t h a t  tlrc e n t i r e  t r i a n q l c  of p a i r s  i s  s t o r e d ,  

r en resen t  ac?i?evabIc lower and unne r  bounds on t h e  "tfme" 

Note t h a t  bv in format ion  theory a t  l e a s t  = 

lo? (Zn-') = n-1 

c o s t )  s o l u t i o n ,  wFlere 9 denotes  t h e  power se t .  Thus t h e  lower 

b ina rv  dec i s ions  are rcqii lred t o  f ind  a (max- 2 

bound on t im  cones w i t h i n  one t i n e  u n i t  of achievinr:  t h e  

t h c o r e t i c a l  minimum t i n e ,  assumin? one b inary  dec i s ion  p e r  t i m e  

tint t . 
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2.0 A Granh Thenre t i c  Rcsiilt 

2 . 1  Definir.7 a Permutat ion G r m h  

D e f i n i t i o n .  - *-. Let ? = [ P ( l )  , P ( 2 ) ,  . . , ? (n+ l ) ]  be a pcrmritation of 

t h e  por; i t ive int:epers 1 , 2 , . ,  . ,n+l .  Let ?!I = { 1 > 2 , . .  . ,n+l.) and 

ll be a subse t  of PiT' x N' defined as follow6: - 

-1 where P ( 5 )  I.s t h e  element of ?T' which P maps i n t o  i. 

I D e f i n i t i o n .  - -.-- - __- .4 -I permutat ion --- ---- c ranh  - -- G ( Y '  , n )  .I.s an nndi recred  q r m h  

\diose vertices are  1,2,. . . .n+l and whosr c d v e s  a r e  F:ne,cicied bv 

the r e l a t i o n  TI. 

Theorem (E,L,&P):  Given t h e  relation RS def ined  In SectFon l . 2 ,  

. G ( y '  ,R )  is a permutat ion qranh.  
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2.2 Lattices Embedded i n  a Permutation Graph 

D e f i n i t i o n .  Lc? t  i and j h e  two a d j a c e n t  ver t ices ,  such t h a t  

i < j, i n  3 p e r m i i t a t i o n  v r s n h  G(Y' , I? ) .  7,ct 

_ _  - - -- -.--- 
- 

GQ = (k 1 k i s  a vertex on an o r d e r e d  D R t h *  from i 

t o  j, i n c l u s i v e ,  i n  C(?" , R ) } .  

+ +  
Then-c~. I f  I?., R 2nd C: are as def ined  v r c v i o u s l y ,  r L - 

-- Comment. The theorem above a s s e r t s  t h a t  t he  ordered p a t h s  between 

two ad jacen t  v e r t i c e s  i n  a permutation p,raph form a l a t t i c e .  

3 
I Proof .  --- An ordered  Dath i s  a l i n e a r l y  ordered  s e t  under R 

3 
and Rr. Thus t h e  theorem i s  simply a g e n e r a l i z a t i o n  of 

P r o n o s i t i o n  4 .  

* O r c l e r d  n n t l i s  =-> ;? p z t h  on w1?1ch the v ? r t i c e s  arc nnqsed in 
ascending  o r  dcsccndinr  o r d c r  of t h e i r  v e r t e x  I n h e l s .  
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